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Using Monte Carlo simulations, we systematically investigate the effect of particle size distribution
on the phase behaviour of polydisperse hard disks. Compared with the commonly used Gaussian-
like polydisperse hard disks [Commun. Phys. 2, 70 (2019)], we find that the phase behaviour of
polydisperse hard-disk systems with lognormal and triangle distributions are significantly different.
In polydisperse hard-disk systems of lognormal distributions, although the phase diagram appears
similar to that of Gaussian-like polydisperse hard disks, the re-entrant melting of hexatic or solid
phase can not be observed in sedimentation experiments. For polydisperse hard-disk systems of
triangle distributions, the phase behaviour is qualitatively different from the Gaussian-like and
lognormal distributions, and we can not reach any system of true polydispersity larger than 0.06,
which is due to the special shape of the triangle distribution. Our results suggest that the exact
particle size distribution is of primary importance in determining the phase behaviour of polydisperse
hard disks, and we do not have a universal phase diagram for different polydisperse hard-disk
systems.
I. INTRODUCTION
Since the proposal of the celebrated Kosterlitz-
Thouless-Halperin-Nelson-Young (KTHNY) theory [1–
5], much attention has been focused in the study of 2D
solids, due to the unique physics of the system [6–8].
Namely, the theory predicts the existence of a new phase
of matter, i.e., hexatic phase, that intersects with both
the solid and fluid, with the system evolving through
two continuous transitions. However, the existence of
competing 2D melting theories [9–11] did not allow the
establishment of a general phase diagram for 2D systems,
with the actual behaviour depending heavily on the na-
ture of interaction between particles.
In the system of monodisperse hard disks, arguably one
of the ‘simplest’ particle systems for studying phase tran-
sitions in 2D, there have been a long debate about the
mechanism and nature of the melting transition [12–20],
which was recently settled that it occurs in two steps
with a continuous solid-hexatic transitions closely fol-
lowed by a first order transition to the fluid[21, 22], and
and the shape and softness of particles also play impor-
tant roles in the 2D melting [23–25]. Besides, simulations
of binary hard-disk mixtures showed that the presence of
tiny amounts of small particles can eliminate the hex-
atic phase [26]. However, in our recent work, we found
that in the continuous polydisperse system of hard disks,
the particle size polydisperse can change the nature of
melting transition. With increasing the degree of poly-
dispersity, the first-order hexatic-fluid transition becomes
weaker and eventually disappears at relatively high poly-
dispersity, and simultaneously the density range of sta-
ble hexatic phase increases by orders of magnitude [27].
More intriguingly, for systems of relatively highly poly-
dispersed hard disks, a re-entrant melting transition was
∗ r.ni@ntu.edu.sg
observed with increasing the density of system, which
was proven impossible in 3D system of polydisperse hard
spheres [28, 29].
In Ref. [27], we assumed that the polydisperse hard-
disk system is in contact with a dilute reservoir of
Gaussian-like particle size distribution. To model the ef-
fect of polydispersity, we considered a 2D system of vol-
ume V containing N polydisperse hard disks based on
the semigrand canonical ensemble, in which the chemical
potential difference between particles of different size is
fixed [30–33], and its distribution obeys
∆µ(σ)
kBT
= − (σ − σ0)
2
2ν2
(1)
where σ is the particle diameter changing from 0 to ∞,
with kB and T the Boltzmann constant and temperature
of the system, respectively. ν is the polydispersity param-
eter and the main controlling parameter of the system.
In the ideal gas limit Eq. 1 gives a Gaussian-like particle
size distribution centered around σ0 with the standard
deviation ν. However, the artefact of Eq. 1 is that there
is a finite probability of having σ = 0, and it is unrealistic
and pronounced at large ν, where the re-entrant melting
was observed. This opens the question whether the re-
ported re-entrant melting generally exists in polydisperse
hard-disks systems or only exists in the system of artifi-
cial Gaussian-like polydisperse hard disks. To this end,
we investigate the effect of particle size distribution on
the phase behavior of polydisperse hard disks, and we
simulate polydisperse hard-disk systems of two represen-
tative particle size distribution, i.e., the lognormal and
triangle distributions, in which the probability of hav-
ing σ = 0 is exactly zero. The difference is that in the
triangle distribution, there is a finite range of σ having
probability zero, while in the lognormal distribution, the
particle size probability only vanishes at σ = 0.
The article is organized as follows. In Sec. II, we sum-
marize the phase behavior of the Gaussian-like (Eq. 1)
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2polydisperse hard disks, which was reported in Ref [27],
after which we investigate the phase behavior of two other
representative polydisperse hard-disk systems, i.e., log-
normal distribution in Sec. III, and triangle distribution
in Sec. IV. Conclusions are drawn in Sec. V.
II. GAUSSIAN-LIKE POLYDISPERSE HARD
DISKS
In Ref. [27], we investigated the phase behavior of
Gaussian-like polydisperse hard-disk systems, in which
we essentially considered semigrand canonical systems
of volume V consisting of N polydisperse hard disks,
and the chemical potential difference between particles
of different size is controlled by Eq 1. All the simula-
tions in this article are done for systems with N = 2562
particles, and to obtain the phase diagram of polydis-
perse hard disks, we perform NV T−∆µ simulations with
the event chain Monte Carlo (ECMC) algorithm [27, 34].
The phase diagram of the system in the representation of
ρσ20 and s/〈σ〉 is summarized in Fig. 1, where ρ = N/V
is the density of the system, and s =
√〈σ2〉 − 〈σ〉2 is
the size polydispersity of the system. The two major fea-
tures of Fig. 1 are: (1) with increasing µ, the two-stage
melting with decreasing density as found in the system of
monodisperse hard disks, i.e., a continuous solid-hexatic
transition followed by a first-order hexatic-fluid transi-
tion, gradually changes to be celebrated KTHNY sce-
nario consisting of a continuous solid-hexatic transition
followed by a continuous hexatic-fluid transition with
a significantly enlarged density range of stable hexatic
phase; (2) in systems of highly polydisperse hard disks,
e.g. ν/σ0 around 0.08, with increasing density, the sys-
tem undergoes a re-entrant melting transition by forming
two fluid phases at both low and high densities.
The most intriguing result is the re-entrant transition
in highly polydisperse systems of hard disks, which has
been proven impossible in 3D systems of polydisperse
hard spheres [28, 29]. To show the structural change of
the highly polydisperse system (ν/σ0 = 0.0835) with den-
sity, we plot the sixfold bond orientation order parameter
〈Ψ6〉 as a function of density ρσ20 in Fig. 2a, and
〈Ψ6〉 =
〈
1
N
N∑
k=1
ψ6(rk)
〉
, (2)
with ψ6(rk) =
1
Nk
exp(i6θkj), where θkj is the angle be-
tween the vector connecting particle k with its neighbor j
and a chosen fixed reference vector, and Nk is the number
of first neighbours for particle k based on the Voronoi tes-
sellation of the system. One can see that with increasing
density, the system transforms from a disordered fluid to
an ordered phase and then into an disordered phase again
at very high density. Here the ordered phase is hexatic
phase, but it is not determined by 〈Ψ6〉, which is essen-
tially an indication of the formation of an ordered phase.
The quantitative determination on the the phase of solid,
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FIG. 1. Phase diagram of the Gaussian-like polydisperse
hard-disk systems in the representation of ρσ20 and s/〈σ〉, in
which the dashed green and red lines are the interpolated
phase boundaries for re-entrant melting of solid and hexatic
phases, respectively. The phase boundaries are obtained from
NV T − ∆µ simulations for systems with ν/σ0 = 0.005 to
0.0835. Inset: the enlarged view of the region of phase dia-
gram at 0 ≤ s/〈σ〉 ≤ 0.02. The crosses are the simulation
results along the the re-entrant transitions at ν/σ0 = 0.08,
0.0805, 0.081, 0.082, 0.083, and 0.0835 from left to right [27].
hexatic or fluid is done by checking the positional correla-
tion g(x, 0)− 1, which exhibits a power law decay ∼ x−α
with α ≤ 1/3 in the solid phase and an exponential decay
∼ exp(−x) in a hexatic or fluid phase, and the sixfold ori-
entation correlation function g6(r) = 〈ψ∗6(r′ + r)ψ6(r)〉,
which exhibits a power law decay in a hexatic phase and
an an exponential decay in a fluid [27].
Moreover, as shown in Fig. 2a, with increasing the den-
sity of the system, the particle size polydispersity in the
system first decreases, which coincidences with the for-
mation of the ordered hexatic phase indicated by the
increase of 〈Ψ6〉, and decreases again when the system
transforms into a disordered phase with the decrease of
〈Ψ6〉 at high density. The re-entrant phase behaviour of
polydisperse systems was originally predicted in Ref. [28],
in which a disordered glass was suggested at high den-
sity. To see whether the disordered phase is a kineti-
cally arrested glass or diffusive fluid, we performed event
driven molecular dynamics simulations starting from the
equilibrated configurations from our ECMC simulations.
As shown in Fig. 2b, during the re-entrant melting of
hexatic phase at high density, the diffusion coefficient D
increases significantly, and the high density disordered
phase is actually a diffusive fluid [27]. To understand
this intriguing re-entrant melting transition, we plot the
packing fraction η = pi4 ρ〈σ2〉 as a function of density
in Fig. 2b, and one can see that during the re-entrant
melting of hexatic phase, the packing fraction of the sys-
tem decreases. More interestingly, even in the hexatic
phase, the packing fraction η does not increase mono-
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FIG. 2. |〈Ψ6〉| and s/〈σ〉 (a) as well as η and Dτ/σ20 (b) as
functions of density ρσ20 for Gaussian-like polydisperse hard
disks with ν/σ0 = 0.0835. Here D is the diffusion coefficient
of the system with τ the time unit of event driven molecular
dynamics simulations.
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FIG. 3. Packing fraction η as a function of density ρσ20 for
Gaussian-like polydisperse hard disks with ν/σ0 = 0.1.
tonically with increasing density, and it reaches a max-
imum value at about ρσ20 ' 2.7. To check whether the
non-monotonic dependence of η on ρ is a general feature
for Gaussian-like polydisperse hard disks at large ν, we
perform simulations for Gaussian-like polydisperse hard
disks with ν/σ0 = 0.1, in which, according to the phase
diagram of the system (Fig. 1), there is no phase transi-
tion with increasing ρ, and the obtained η as a function
of ρσ20 is shown in Fig. 3. One can see that with increas-
ing ρ, the packing fraction of the Gaussian-like polydis-
perse hard disks first increases and then decreases with
a maximum at around ρσ20 ' 3. This suggests that the
non-monotonic behaviour of packing fraction is indeed a
general feature of highly polydisperse Gaussian-like hard
disks, including the polydispersity range where the re-
entrant melting transition occurs. This makes it unclear
whether the re-entrant melting also exists in other sys-
tems of polydisperse hard disks. Because for modelling
highly polydisperse hard-disk systems, the Gaussian-like
particle size distribution may not be a good choice, as
it produces an unphysical positive probability of having
particle size at zero, which becomes more pronounced at
large polydispersity. To this end, in the following of this
article, we investigate two other representative polydis-
perse systems, in which the probability of having σ = 0
is zero.
III. LOGNORMAL POLYDISPERSE HARD
DISKS
The major artefact of Eq. 1 is that the probability of
having σ = 0 is a finite positive number. To avoid this,
we can use other probability distributions of polydisperse
particles. Here we investigate the phase behaviour of
hard disks with two representative probability distribu-
tions.
First, we introduce the lognormal distribution, in
which log(σ/σ0) obeys a Gaussian distribution. There-
fore, the chemical potential between particles of different
size is
∆µ(σ)
kBT
= − log
2(σ/σ0)
2ν2
− log
(
σ
σ0
)
(3)
where ν is the polydispersity parameter, and in the ideal
gas limit Eq. 3 gives a system of polydisperse particles
centered around σ = σ0 with the standard deviation ν.
We perform NV T − ∆µ simulation using the ECMC
algorithm with N = 2562 particles based on Eq. 3, and
the calculated EOS for systems of various polydispersity
parameter ν is shown in Fig. 4a. One can see that sim-
ilar to the situation in Gaussian-like polydisperse hard
disks, with increasing ν, the Mayer-Wood loop in EOS
becomes smaller implying that first-order transition be-
comes weaker [35]. For νσ0 ≤ 0.1, the Mayer-Wood loop
in EOS completely disappears, while there is clearly a
transition from a disordered state to an ordered state in-
dicated by the sharp increase of |〈Ψ6〉| with increasing
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FIG. 4. (a) EOS for lognormal polydisperse hard-disk systems with various polydispersity parameter ν/σ0 = 0.05 to 0.15 in
the representation of (P −P ∗)σ20/kBT vs (ρ−1−ρ−1hex)σ−20 , where P ∗ and ρhex are the pressure and density of the hexatic phase
at the fluid-hexatic transition, respectively, and the solid lines are fits of the EOS using 5th order polynomials. (b) |〈Ψ6〉| as
functions of (ρ−1 − ρ−1hex)σ−20 for systems with ν/σ0 = 0.10, 0.13 and 0.15.
density as shown in Fig. 4b. By checking the decay of
g(x, 0) − 1 and g6(r), we ensure that the ordered phase
forming from the fluid is the hexatic phase, which is qual-
itatively the same as in the system of Gaussian-like poly-
disperse hard disks [27].
The calculated phase diagram for polydisperse hard-
disks systems of lognormal distribution is shown in
Fig. 5a in the presentation of ρσ20 and s/〈σ〉. One can
see that qualitatively, the phase diagram is very similar
to the system of Gaussian-like polydisperse hard disks
in Fig. 1, in which with increasing polydispersity, the
first-order fluid-hexatic transition becomes weaker and
eventually changes to be a continuous transition, and
the density range for stable hexatic phase increases by
orders of magnitude [27]. Moreover, as shown in Fig. 5a,
at s/〈σ〉 & 0.09, with increasing ρ, the system can change
from fluid to hexatic and to fluid again at very high den-
sity, which is seemingly qualitatively the same as in the
system of Gaussian-like polydisperse hard disks (Fig. 1).
Moreover, we plot the low pressure phase diagram of the
system in Fig. 5b, and one can see that with increasing
ν/σ0, the packing fraction range for stable hexatic phase
increases by one order of magnitude, which is similar to
the Gaussian-like polydisperse hard disks [27]. However,
as shown in Fig. 5a, one can see that at fixed large ν/σ0,
e.g. ν/σ0 & 0.13, with increasing the density of the sys-
tem the polydispersity s/〈σ〉 decreases, which is in con-
trast with the situation in the system of Gaussian-like
polydisperse hard disks, where s/〈σ〉 increases with in-
creasing density at large ν/σ0 as shown in Fig. 1. This
implies that in the sedimentation of highly polydisperse
hard disks with lognormal distributions, no re-entrant
melting of hexatic phase occurs. This can be understood
from the chemical potential difference in the two differ-
ent distributions. In Fig. 6, we plot Eq. 1 and 3 for
ν/σ0 = 0.1. One can see that for Gaussian-like polydis-
perse system, when σ is very small, e.g. σ/σ0 < 10
−2,
further decreasing σ does not cost much free energy,
which essentially drive the system to decrease the par-
ticle size at higher pressure to form a random fluid with
increasing the true polydispersity of the system s/〈σ〉.
On the contrary, for the polydisperse hard disks with log-
normal distributions, the free energy cost for decreasing
the the particle size increases dramatically and diverges
when approaching σ = 0, this effectively prevents the
decrease of particle size as well as the true polydisper-
sity of the system s/〈σ〉 at large pressure. Therefore, at
very high pressure, polydisperse hard disks with lognor-
mal distributions are almost “monodisperse” and form-
ing an ordered solid phase. However, according to the
phase diagram in Fig. 5a, if one keeps the polydispersity
of the system fixed at a certain value above s/〈σ〉 ' 0.09
, increasing the density, or pressure, of the system, the
system indeed can transform from a fluid phase to a hex-
atic phase and then to a fluid phase again at very high
density or pressure.
IV. TRIANGULAR POLYDISPERSE HARD
DISKS
In Sec. III, we studied the phase behavior of polydis-
perse hard disks with lognormal distributions, where the
particle size probability vanishes at σ = 0. Here we inves-
tigate another different type of polydisperse system, i.e.,
triangle distribution, in which the particle size probabil-
ity with a finite range above σ = 0 is zero. The chemical
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FIG. 5. (a) Phase diagram of the polydisperse hard-disk
systems of lognormal distribution in the representation of
ρσ20 and s/〈σ〉. The phase boundaries are obtained from
NV T − ∆µ simulations for systems with ν/σ0 = 0.005 to
0.2. Inset: the enlarged view of the region of phase diagram
at 0.06 ≤ s/〈σ〉 ≤ 0.08. The crosses are the simulation results
along the the re-entrant transitions at ν/σ0 = 0.13, 0.15, 0.17,
and 0.2 from bottom to top. (b) Low pressure phase diagram
of polydisperse hard disks with lognormal distribution in the
representation of η vs s/〈σ〉, where η is the packing fraction
of the system. The state points obtained from simulations at
each ν/σ0 from 0.08 to 0.20 are shown as the symbols. The
error bars are smaller than the symbols
potential between particles of different size is
∆µ(σ)
kBT
=
{
− ln
(√
6ν−|σ−σ0|√
6ν
)
if |σ − σ0| <
√
6ν,
−∞ else,
(4)
where ν is the polydispersity parameter. This distribu-
tion is characterized for having a maximum at σ = σ0
and linearly decays as it moves away from the maximum
until reaching zero probability for a distance
√
6ν. In the
ideal gas limit Eq. 4 gives a system of polydisperse parti-
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FIG. 6. Chemical potential difference ∆µ(σ)/kBT for
Gaussian-like (Eq. 1) and lognormal polydisperse (Eq. 3) hard
disks with ν/σ0 = 0.1.
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various polydispersity parameter ν/σ0 = 0.25 to 0.3 in the
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are fits of the EOS using 5th order polynomials.
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FIG. 9. Polydispersity s/〈σ〉 as a function of packing fraction
η for highly polydisperse hard disks with triangle distributions
at 0.08 ≤ ν/σ ≤ 0.3.
cles centered around σ = σ0 with the standard deviation
ν.
First, we perform NV T −∆µ ECMC simulations in a
2562 particle system to obtain the equation of state for
values of ν ranging between 0.01 and 0.30σ0 as shown
in Fig. 7. One can see that with increasing ν, the first-
order transition from the fluid phase does not become
weaker, and even at ν/σ0 = 0.3, there is still a pro-
nounced Mayer-Wood loop in the EOS. By checking the
decay of g(x, 0)−1 and g6(r), we ensure that the ordered
phase forming from the fluid is a hexatic phase, and this
persistent first-order fluid-hexatic phase transition in tri-
angle polydisperse hard disks is markedly different from
the polydisperse hard-disk systems of Gaussian-like and
lognormal polydisperse distributions.
The phase diagrams of polydisperse hard disks with
various triangle distributions are summarized in Fig. 8.
One can see that the density range for stable hex-
atic phase does not change significantly with increas-
ing ν/σ0 = 0 to 0.08, and the corresponding pack-
ing fraction range η for stable hexatic phase increases
from 0.002 at ν/σ0 = 0 to about 0.005 at ν/σ0 = 0.3
(Fig. 8b). Moreover, the re-entrant melting transition
of hexatic phase does not exist in the range of ν/σ0
studied from ν/σ0 = 0.02 to 0.3. At high polydisper-
sity, e.g. ν/σ0 & 0.13, as shown in Fig. 8b, the phase
boundary between fluid and hexatic phase converges to
(ηfluid ' 0.72, sfluid/〈σ〉 ' 0.057) and (ηhex ' 0.728,
shex/〈σ〉 ' 0.055), and hexatic to solid transition point
converges to (ηsolid ' 0.731, ssolid/〈σ〉 ' 0.054). In
Fig. 9, we plot the true polydispersity of the system s/〈σ〉
as a function of packing fraction η for triangle polydis-
perse hard disks with various ν/σ0, and one can see that
for ν/σ0 ≥ 0.1, all curves collapse into a single curve,
suggesting that at high enough ν/σ0, the property of
system essentially does not depend on the polydispersity
parameter ν. To understand this, we define a normalized
particle size
σ∗ =
σ
σmin
, (5)
where σmin = σ0 −
√
6ν is the minimal particle size for
the triangle distribution of ν. Then we can re-write Eq. 4
into
∆µ(σ)
kBT
=
{
− ln
(√
6ν−|σ0−σ∗σmin|√
6ν
)
if |σ∗ − σ0σmin | <
√
6ν
σmin
,
−∞ else.
(6)
At high pressure, when σ is approaching σmin, i.e., σ
∗ '
1, we have
d∆µ
dσ∗
=
kBT
1− σ∗ , (7)
which implies that at high pressure, the change of ∆µ
does not depend on polydispersity parameter ν. This
suggests at high enough pressure, when the average par-
ticle size is close to σmin, i.e., 〈σ∗〉 ' 1, the systems for
7different ν are essentially the same. As in systems of
highly polydisperse hard disks, the distribution of parti-
cle size is wider, the pressure or packing fraction required
to push 〈σ∗〉 towards 1 is smaller, and this explains the
collapse of curves for different ν in Fig. 9 at high poly-
dispersity and high packing fraction.
V. CONCLUSIONS
Following our previous work on the phase transitions in
Gaussian-like polydisperse hard disks [27], in this article,
we have investigated the effect of particle size distribu-
tion on the phase behaviour of polydisperse hard disks.
The main results of Ref. [27] are: (i) with increasing the
polydispersity of the system, the hexatic-fluid transition
becomes weaker and completely switches to a continuous
transition following the celebrated KTHNY scenario at
high polydispersity; (ii) simultaneously, the stable den-
sity range of hexatic phase is enlarged by orders of mag-
nitude; (iii) at high polydispersity parameter ν re-entrant
melting transitions of ordered phases, i.e., solid and hex-
atic phases, are observed with increasing pressure, which
suggests that the re-entrant melting transition can be
found in sedimentation experiments [36]. However, in
the Gaussian-like polydisperse distribution, the proba-
bility of having the particle size of zero is finite, which is
the artefact of the model. Therefore, this motivates us
to investigate the phase behaviour of polydisperse hard
disks with two other representative types of particle size
distributions with the vanishing probability at the parti-
cle size of zero in this work, i.e., lognormal and triangle
distributions.
In systems of polydisperse hard disks with lognor-
mal distributions, the phase diagram appears qualita-
tively the same as the Gaussian-like polydisperse hard
disks, and the enhanced stability of hexatic as well as the
switch of hexatic-fluid transition to the KTHNY scenario
are both found in the system of polydisperse hard disks
with lognormal distribution with increasing polydisper-
sity. Moreover, at a fixed true polydispersity of the sys-
tem, s/〈σ〉, with increasing density, re-entrant melting of
solid and hexatic phases can be also found in highly poly-
disperse lognormal systems of hard disks. However, at
any polydispersity parameter ν, with increasing pressure
or density, the true polydispersity of the system mono-
tonically decreases, and no re-entrant melting transition
is found. The reason is that at very high pressure, the
free energy cost of decreasing the particle size is diverg-
ing at zero for lognormal distributions, while it is almost
zero for Gaussian-like distributions. This suggests that
different from the Gaussian-like polydisperse hard disks,
in the sedimentation of polydisperse hard disks of log-
normal distributions, we would not find any re-entrant
melting transitions of ordered phases.
Moreover, in systems of polydisperse hard disks with
triangle distributions, the phase diagram is qualitatively
different from those of Gaussian-like and lognormal dis-
tributions. For all polydispersity parameter studied, the
hexatic-fluid transition in polydisperse hard disks with
triangle distributions is always strongly first order, and
we do not observe significant increase of stable density
range of hexatic phase with increasing polydispersity of
the system. Moreover, we can not reach any system of
true polydispersity higher than 0.06. The reason is due
to the fact that at high pressure and high polydispersity,
the change of chemical potential of different particle size
does not depend on the polydispersity of the system. Our
results show that the exact particle size distribution plays
an important role in the phase behaviour of polydisperse
hard disks, and so far we can not reach a universal phase
diagram for all polydisperse hard disks.
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